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ON FIRST ORDER CONGRUENCES OF LINES IN P4 WITH
GENERICALLY NON-REDUCED FUNDAMENTAL SURFACE
PIETRO DE POI
Abstrat. In this artile we obtain a omplete desription of the ongru-
enes of lines in P
4
of order one provided that the fundamental surfae F is
non-redued (and possibly reduible) at one of its generi points, and their
lassiation under the hypothesis that (F )red is smooth.
Introdution
A ongruene of d-dimensional linear subspaes in Pn is an irreduible subvariety
(family) B′ of dimension n−d of the projetive Grassmannian G(d, n). By taking
a resolution B of singularities of B′, one an pull bak the universal subbundle on
G(d, n), obtaining a smooth Pd-bundle Λ on B, whih has dimension n. Sine Λ ⊂
B × Pn, the seond projetion indues a morphism p : Λ → Pn between manifolds
of the same dimension, and one denes the order of the family as the degree of
p. Geometrially, this is the number of d-planes of the family passing through a
general point in Pn.
The ase where B is a surfae (n−d = 2), and the order is one, was lassied by
Ziv Ran ([Ran86℄), extending the lassial work of Kummer ([Kum66℄) for n = 3
and order at most two.
The ase where n = 4, d = 1 and the order is one was onsidered by G. Marletta
([Mar09b℄, [Mar09a℄) and, sine [De 99℄, we are trying to omplete Marletta's in-
omplete lassiation and to bring it up to modern standards. In fat, in [De 99℄
we have started the lassiation of rst order ongruenes of lines in P
4
, and the
rst two steps of the lassiation are in in [De 05℄ and [De 01℄.
In this artile, we study one of the most diult and exiting ases, namely when
the fundamental surfae (see below) of our ongruene is non-redued at one of its
generi points. The study of these ases is not only interesting in its own and for
its appliations to projetive geometry, but it will also be usefulhopefullyfor
mathematial physis, in the theory of systems of onservation laws, see [AF1℄ and
[AF2℄. In partiular, the results ontained here an be used to lassify the three
dimensional Temple systems of onservation laws whih are hyperboli but not
stritly hyperboli, and so, among other things, an omplete the results ontained
in [AF3℄.
From now on, we will onsider always, for simpliity, d = 1. The set up for
studying ongruenes of lines is the following: let us denote by R the ramiation
divisor of p, and by Φ its shemati image, i.e. the branh lous, whih will be
alled the foal lous.
We an observe that, if the order is at least two, by the purity of the branh
lous, Φ ontains a hypersurfae, whereas, if the order is one, the morphism p is
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birational. Thus, by Zariski's main theorem, eah omponent of the foal lous has
odimension two, sine it is preisely the lous where the bre dimension is positive;
moreover, set-theoretially, Φ oinides with the fundamental lous, i.e. the set of
points in P
n
through whih there pass innitely many lines of the ongruene.
The pure fundamental lous (∅ 6=)F ⊂ Φ is instead the image under p of the
omponents of R whih surjetively projet onto B; this means geometrially that
every line of B intersets eah omponent of F .
If the order is one and n = 4, it an be proven that either dim(Φ) = 0, in whih
ase B is a star of lines (i.e. the set of lines passing through the point (Φ)red) or
dim(Φ) = 2 (see Theorem 2.2 in [De 04℄). In what follows, we shall only onsider
ongruenes of lines in P4 suh that Φ has pure dimension two. In this situation
B′ is a three-dimensional subvariety of the triseant lines to F , by a result of C.
Segre (see Proposition 1.1 below). The ases in whih F ontains a omponent of
dimension one is treated in [De 01℄, while the ase in whih the pure fundamental
lous F is a (generially) redued and irreduible surfae is in [De 05℄.
Here we are interested in the ases in whih F has some omponent of dimension
two suh that F is nonredued at the orresponding generi point. F will also be
alled fundamental surfae and it is either irreduible or reduible. For both these
possibilities we give a preise desription.
Classially, ongruenes of order one in P
4
were treated by G. Marletta in
[Mar09b℄ for the generially redued ase and in [Mar09a℄ for the rest. In this paper
Marletta's lassiations are reproved and ompleted. In partiular we dedue the
omplete list of these ongruenes provided that all the redued omponents of F
are smooth.
This artile is strutured as follows: after giving, in Setion 1, the basi deni-
tions, we give examples of all the possible ongruenes with a non-redued ompo-
nent of the fundamental lous (nding also a ase whih is missing in Marletta's
list) in Setion 2, and in Setions 3 and 4 we prove that no other ongruene with
this harateristi property an exist. A partial list of these ongruenes has also
been obtained by A. Oblomkov ([O℄). If we suppose that all the omponents of the
redued lous of the pure fundamental lous are smooth, we obtain the omplete
list in Theorem 0.1.
In this theorem and throughout this artile we will use the following notation
and onventions: F will be the pure fundamental lous, and moreover we set D :=
(F1)red, where F1 is a two-dimensional omponent of F suh that F is nonredued
at the generi point of F1. If b ∈ B, then Λ(b) ⊂ P4 is the orresponding line of the
ongruene.
Theorem 0.1. If the fundamental surfae F of a rst order ongruene of lines in
P4 is suh that F1 6= ∅ and all the omponents of (F )red are smooth, then we have
the following possibilities:
(1) F (= F1) is irreduible, and we have the following ases:
(a) length(Λ(b) ∩D) = 1, in whih ase D is a plane and the ongruene
is as in Example 1; or
(b) length(Λ(b) ∩ D) = 2, D is a rational normal ubi sroll, and the
ongruene is as in Example 2; or
(2) F has two irreduible omponents, F1 non-redued and F2 redued, and we
have the following ases:
(a) D = (F1)red is a plane and F2 is a rational normal ubi sroll, and
we have the following ases:
(i) D ∩ F2 is either a line or a oni and the ongruene is as in
Example 4; or
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(ii) D∩F2 is a (smooth) oni and the ongruene is as in Example 3;
or
(b) F2 is a plane, and D = (F1)red is a rational normal ubi sroll;
D ∩F2 is a smooth oni, uniseant to D, and the ongruene is as in
Example 5.
Vie versa a family of lines of dimension three onstruted as in eah of the ases
of the theorem is a rst order ongruene in P4.
Aknowledgments. This arti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1. Notation, Definitions and Preliminary Results
We will work with shemes and varieties over the omplex eld C, with standard
notation and denitions as in [Har77℄. In this artile, a variety will always be
projetive and irreduible. We refer to [De 01℄ and [De 03℄ for general results and
referenes about families of lines, foal diagrams and ongruenes, and to [GH78℄
for notations about Shubert yles. So, we denote by σa0,a1 the Shubert yle of
the lines in P4 ontained in a xed (4−a1)-dimensional subspae H ⊂ P4 and whih
meet a xed (3− a0)-dimensional subspae Π ⊂ H . We reall that a ongruene of
lines in P4 is a (at) family (Λ, B, p) of lines in P4 obtained as the pull-bak of the
universal family under the desingularization of a subvariety B′ of dimension three of
the Grassmannian G(1, 4). So, Λ ⊂ B×P4 and p is the restrition of the projetion
p1 : B×P4 → B to Λ, while we will denote the restrition of p2 : B×P4 → P4 by f .
Λb := p
−1(b), (b ∈ B) is a line of the family and f(Λb) =: Λ(b) is a line in P4. Λ is
smooth of dimension three: therefore we an dene the foal divisor R ⊂ Λ as the
ramiation divisor of f . The foal lous Φ = f(R) ⊂ P4, is the sheme theoreti
image of R.
In this artile, we study the rst order ongruenes of lines, i.e. ongruenes
B for whih through a general point in P4 there passes only one line of B; or,
equivalently, we an write
(1) [B′] = σ3 + aσ2,1,
where [B′] is the rational equivalene lass of B′as a linear ombination of Shu-
bert yles of the Grassmannian; so, the lass a is the degree of the ruled surfae
generated by the lines of the ongruene whih belong to a general P3 (i.e. the
intersetion number [B′] · σ2,1). Given a rst order ongruene B, through a foal
point there will pass innitely many lines in B, i.e. a foal point is a fundamental
point and the foal lous oinides set-theoretially with the fundamental lous.
An important result, due to Corrado Segre, is the following (see [De 01℄, Propo-
sition 1 for a proof):
Proposition 1.1 (C. Segre, [Seg88℄). On every line Λ(b) ⊂ P4 of the family, the
foal lous Φ either oinides with the whole Λ(b)in whih ase Λ(b) is alled foal
lineor is a zero dimensional sheme of Λ(b) of length three.
Let us observe that, if the order is one, the morphism p is birational, thus,
by Zariski main theorem (nite plus birational over of a normal variety is an
isomorphism), the foal lous is not a hypersurfae, so dim(Φ) ≤ 2. Atually, we
have proven in [De 04℄ that dim(Φ) = 2 if B is not a star of lines.
Here we are interested in rst order ongruenes of lines in P4 for whih the
foal lous Φ has pure dimension two, so the important omponent of Φ is the
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fundamental 2-lous (see [De 01℄, [De 03℄ and [De 04℄), whih is haraterized by
the fat that it is formed by the omponents of Φ of pure dimension two suh
that the general line of the ongruene meets it in a zero dimensional sheme (see
[De 01℄, Proposition 2). The fundamental 2-lous will be alled pure fundamental
lous or, in what follows, simply fundamental surfae and it will be indiated with
F (For the other non-important omponents of Φ, i.e. the parasiti planes, see
[De 05℄).
In the rest of the paper, we need more notation. To a rst order ongruene B
we assoiate:
• the hypersurfae VΠ in P4 given by the lines of B whih interset a general
plane Π ⊂ P4. So, deg(VΠ) = 1 + a, where a is the lass of B (see (1));
• the surfae ΣHof degree aof the lines of B ontained in a general hy-
perplane H ; We an think of it as the image of the P1-bundle over the urve
ΓH ⊂ B, obtained by pulling bak the intersetion of B′ with the Shubert
variety of the lines ontained in H .
• we set also CH := (F )red ∩H(⊂ ΣH).
Remark. First of all we note that Sing(ΣH) ⊂ CH , sine through a singular point
P of the surfae there pass more than a line of the ongruene (possibly innitely
near). Besides, for the generality of H and dimensional reasons, ΣH annot be
ontained in F .
Lemma 1.2. Let D be a surfae in P4 and P a smooth point in D suh that, for
a general point Q in D, the tangent planes TP,D and TQ,D do not span P
4
. Then
the surfae D is degenerate.
Proof. Take projetive oordinates suh that the loal parametrization of D at P is
F := (1 : x : y : f(x, y) : g(x, y)), where f, g vanish of order ≥ 2 for x = y = 0. Our
statement is that the 6 vetors e0, e1, e2 and F, Fx, Fy have rank (at most) 4. This
simply means that the three vetors (f, g), (fx, gx), (fy, gy) have rank (at most) 1,
and implies that the map (x : y) 7→ (f : g) has onstant image in P1. Without loss
of generality we may then assume g ≡ 0, hene D is degenerate. 
Proposition 1.3. The ongruene B of the tangent lines to a surfae D ⊂ P4
annot have order one.
Proof. First we note that if D is a one, B has order zero. Moreover,D is ontained
in the foal lous F of B. If P ∈ TP1,D ∩ TP2,D, then P ∈ F , sine two lines pass
through it.
We annot have dim(TP1,D ∩TP2,D) = 1 by the preeding lemma, so we suppose
that TP1,D ∩ TP2,D =: Q is a point and that B is a rst order ongruene. Now, if
dim(TP,D∩F ) = 0 for the general P ∈ D, then Q ∈ (TP,D∩F ), sine TP,D∩TP ′,D ∈
TP,D ∩ F as P ′ varies in D. Therefore Q is xed; but then the dual variety D∗
would be degenerate, and D would be a one (this argument holds only on a eld
of harateristi zero).
Instead dim(TP,D∩F ) = 1means that there is a family of dimension two of planes
urves ontained in F . But the surfaes with this property in P4 are lassied in
C. Segre's Theorem (see [MP97℄, Theorem 4 for a modern proof) and they are the
projeted Veronese surfae, the rational normal smooth ubi sroll and the ones.
If D is this surfae, we onlude by observing that ouples of tangent planes to
either the Veronese surfae or the ubi ruled surfae do not meet in a point in D.
Otherwise, there is another nondegenerate (if it is degenerate, also D is degener-
ate) surfae D′ ⊂ F whih is in the list of C. Segre's Theorem, and the ongruene
B is given by the lines whih are tangent to B and these lines moreover meet D′.
In partiular, on every line r of B, the three foi of r are a double point in D and
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a single point in D′. D′ annot be a one, sine again D∗ would be degenerate; in
fat all the tangent planes would pass through the vertex of D′. Then D′ is either
the projeted Veronese surfae or the ubi sroll, and in both these ases the plane
urves are irreduible onis C ⊂ TP,D. We reall that the lines of B ontained in
TP,D form the penil of lines through the point P ∈ D, P1P . But if C ⊂ TP,D is the
oni, and ℓP ∈ P1P , then either the two points ℓP ∩ C are foal, but then ℓP ⊂ F
and therefore every line in B is foal, or only one of the two points is foal for ℓP .
But then, we would obtain a regular map from P1P
∼= P1 to C whih is injetive not
but surjetive. 
Corollary 1.4. ΣH does not ontain a omponent SH whih is the surfae of the
tangents to a urve C.
Proof. If it were so, C ⊂ CH and then B would be given by the family of tangent
lines to D = (F1)red. 
Lemma 1.5. ΣH does not ontain a omponent SH whih is a one.
Proof. If every SH would be a one, sine this one spans the hyperplane H , we
would have ∞4 suh ones, whene ∞5 pairs (SH , L), where L is a line of the one
SH . Sine suh a line L belongs to ∞2 hyperplanes, it follows that we get in this
way ∞3 lines, hene the whole ongruene of lines.
Consider the irreduible variety S image of the rational map H → VH . We know
that dim(S) ≤ 2, hene a general V = VH is a vertex of at least ∞2 ones, and a
fortiori there are at least∞2 lines of the ongruene whih pass through V . Hene
we obtain that S is a 1-dimensional omponent of the foal lous, whih is exluded
by our assumption.

Lemma 1.6. ΣH does not ontain a omponent SH whih is a quadri.
Proof. If SH is a quadri, it must be smooth, by the preeding lemma.
If SH is a smooth quadri, only one of the two families of lines ontained in it
an be ontained in B, otherwise SH ⊂ F , and this is absurd by varying H .
Let ℓ be a line of the ongruene ontained in SH . If ℓ
′
is another general line of
the ongruene not ontained in H , the hyperplane H ′ := ℓ′ℓ determines another
quadri SH′ . By onstrution, SH ∩ SH′ = ℓ ∪ ℓ′′, and ℓ′ ∩ ℓ′′ 6= ∅; therefore ℓ′
intersets SH , whih is absurd sine every line of B should interset SH . This
again implies SH ⊂ F , the same ontradition. 
2. The examples
Sine the ongruenes we are studying are rather ompliated to onstrut, we
rst give some examples desribing them, and afterwards we will show that these
examples exhaust all the possible ongruenes.
Remark. We observe rst that if a omponent of the foal lous is ontained set-
theoretially in a hyperplane H , then the lines of the ongruene ontained in H
form a rst order ongruene. Therefore a way of onstruting ongruenes in P4 (or
in general in Pn) is to reverse this by onsidering a one-dimensional linear system
of hyperplanes in P4 suh that in eah of them there is a rst order ongruene of
lines in P3, and suh that these ongruenes vary algebraially.
Then, we start realling the lassiation of rst order ongruenes in P3: we
follow the notation used in [De 04℄: let ℓ be a xed line in P3, then P1ℓ is the set
of the planes ontaining ℓ. Let φ be a general nononstant morphism from P1ℓ to
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ℓ and let Π be a general element in P1ℓ . We dene P
1
φ(Π),Π as the penil of lines
passing through the point φ(Π) and ontained in Π.
If B is a rst order ongruene of lines in P3 with foal lous F , then
(1) P := Fred is a point and B is the star of lines passing through P ; or
(2) F is a rational normal urve in P3 and B is the family of seant lines of F ;
or
(3) ℓ := Fred is a line, and the ongruene is ∪Π∈P1
ℓ
P
1
φ(Π),Π; or
(4) F = F1 ∪ F2 where F1 is a line and F2 is a rational urve, suh that
length(F1 ∩F2) = deg(F2)− 1 and B is the family of lines meeting F1 and
F2.
In order to state the examples of ongruenes in P4, we need some more notations:
• if H ⊂ P4 is a linear spae, H∗ denotes its dual, i.e. the linear spae of the
hyperplanes in H ; if K ⊂ H is another subspae, we set K∨H := {Π ∈ H
∗ |
Π ⊃ K} ⊂ H∗ (or simply K∨ if H = P4) i.e. K∨H is the projetive dual
subspae of K in H ; k will denote an element in K∨H ;
• |C| denotes the omplete linear system assoiated to the divisor C;
• a general (rational) map from X to Y will be denoted by φX,Y ;
• if X,Y ⊂ P4, J(X,Y ) ⊂ G(1, 4) is J(X,Y ) := {ℓ ∈ G(1, 4) | ℓ ∩ X 6= ∅ 6=
ℓ ∩ Y }; X and 〈X〉 are, respetively, the (Zariski) losure and the span of
X .
• We reall that we set D := (F1)red, where F1 is the omponent of F whih
is non-redued.
• Finally, in the ase in whih F = F1 ∩ F2 is also reduible, we denote
CH,1 := (F1)red ∩ H and CH,2 := F2 ∩H , so CH = CH,1 ∪ CH,2. ki is the
algebrai multipliity of CH,i in ΣH .
Example 1. Let us see how to onstrut a ongruene of lines in P4 from the
ase (3) in P3, with set-theoretially linear foal lous, i.e. D := Fred is a plane.
We want to follow the remark above, so we need a penil of hyperplanes, and
therefore we have to x a plane D ⊂ P4, so that the penil is D∨. Now, for every
element d ∈ D∨, we have to nd a line ℓd ⊂ D, in order to onstrut the ongruene
of lines in d ∼= P3. Sine we do not want (embedded) omponents of dimension one,
we suppose that the line ℓd is not the same for all the elements in D
∨
. In brief, we
have xed a morphism φ := φD∨,D∗ .
Now, we have to onstrut a ongruene in every d ∈ D∨, as in ase (3), and
therefore we have to x a morphism ψd := φφ(d)∨
d
,φ(d); moreover, we are in the
algebrai ategory, and so we assume that we have an algebrai family of morphisms
{ψd}d∈D∨ .
Now it is lear that our ongruene in P4 is formed by the lines of the penils
(ψd(h))
∨
h as h varies in φ(d)
∨
d and d in D
∨
, i.e.
B = ∪d∈D∨ ∪h∈φ(d)∨
d
(ψd(h))∨h ;
an easy alulation (or one an see Theorem 8, ase 3 of [De 01℄ where this on-
gruene is also introdued) shows that the bidegree of Λ is (1, d1d2m + 1), where
d1 := deg(φ), d2 := deg(ψd) and m := deg(φ(D
∨)) and if r is the general line in D,
then deg(f−1(r)) = d1d2m.
We note that we ould onstrut more rst order ongruenes if we assoiate to
d a general line in P4 (and not ontained in D). Atually, in this ase the redued
foal lous D := Fred is a ruled surfae and it is easy to show that B is given by
a family of seant lines to D, and in fat this ase is ontemplated in the example
whih follows.
CONGRUENCES IN P
4
WITH NON-REDUCED FUNDAMENTAL SURFACE 7
Example 2. We will see now how to onstrut a rst order ongruene of lines B
suh that it is a subfamily of the seant lines to the redued lous D := (F )red.
Let us suppose that D is a rational normal ubi sroll in P4, i.e. either a non-
degenerate one or a rational normal (smooth) sroll of type (1, 2). In order to do
so, let us onsider a urve C0 whih is either the zero setion (see Proposition V.2.8
of [Har77℄) if the sroll is smooth, i.e. an irreduible oni, or a pair of lines if
D is a ubi one, and then let us x a map φ|C0|,F whih assoiates to the urve
C ∈ |C0| a point PC := φ|C0|,F (C) ∈ C; then we dene a ongruene as
B := ∪C∈|C0|(PC)
∨
〈C〉;
it is learly a rst order ongruene of lines and moreover, if k = deg(φ|C0|,F ) then
the lass of B is 2k.
If we want to obtain ongruenes of lines in P4 from ase (4), we have in fat
many possibilities, sine we may suppose either that the line or the rational urve
is in the non-redued lous. In partiular, we will see that in Example 3 we have
the ase of the urve (a oni, indeed), and in Example 4 the line; in both ases the
non-redued lous is a plane.
Example 3. So, let us rst suppose that D := (F1)red is a plane, and that the
rational urves of ase (4) are onis ontained in D. Then, we also suppose that F2
is a non-degenerate rational sroll of type (1, d) and by what we are supposing, the
ruling lines must be the lines of ase (4); therefore, D ∩ F2 is a uniseant urve (of
degree d) in F2. Now, let |H1| ∼= P1 be the linear system of the lines of the ruling
in F2 and |C2| the linear system of onis in D; then the ongruene is dened as
follows: x a morphism φ := φ|H1|,|(|C2) suh that φ|H1|,|C2|(ℓ) ∩ ℓ 6= ∅; then we set
B := ∪ℓ∈|H1| ∪r∈J(ℓ,φ|H1|,|C2|(ℓ)) r;
we also have that k1 = (d + 1) deg(φ) deg(Im(φ)), k2 = 2, and so a = 2 +
deg(F2) deg(φ) deg(Im(φ)).
Example 4. Again, let us rst suppose that D := (F1)red is a plane, but now we
suppose that in it there are ontained the lines of ase (4). Now, we suppose also
that F2 is a non-degenerate rational surfae with setional genus zero (i.e. either
a rational sroll or the projeted Veronese surfae); let d ∈ D∨ and let |H1| be the
orresponding linear system of the urves H1 := (F2 ∩ d) \D; then the ongruene
is given in this way: x a morphism φ := φ|H1|,D∗ suh that length(φ|H1|,D∗(C2) ∩
C2) = deg(C2)− 1; then we set
B := ∪C2∈|H1| ∪r∈J(C2,φ|H1|,D∗ (C2)) r;
we have also that k1 = deg(F2) deg(φ) deg(Im(φ)) and k2 = 1, and so a = 1 +
deg(F2) deg(φ) deg(Im(φ)).
In the last example the foal lous is reduible, and the non-redued omponent
will be a rational ruled surfae. Also this, as Example 1, is obtained from ase (3)
in P
3
:
Example 5. Now F2 is a plane, suppose that D = (F1)red is a non-degenerate
rational sroll of type (1, c) and that D ∩ F2 is a uniseant urve in D of degree c.
Let |H1| ∼= P1 be the linear system of the lines of the ruling in D; the ongruene
is obtained in the following way: ∀L ∈ |H1|, x a morphism ψ := φL∨
〈L,F2〉
,L; then
we set
B := ∪L∈|H1| ∪l∈L∨〈L,F2〉
ψ(l)∨l ;
we have also that k1 = deg(ψ) and k2 = c+ 1, and so a = deg(D) + deg(ψ).
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3. The Case of an Irreduible Fundamental Surfae
We start onsidering the ase in whih F is irreduible; sine we are interested
in the ases in whih F is non-redued at a generi point, we have two possibilities:
either the general line Λ(b) intersets F in a fat point of length three, or it intersets
F in two points, one of whih is a fat point of length two and the other is a simple
point.
3.1. The Case in whih length(Λ(b) ∩ (F )red) = 1. If the general line of the
ongruene intersets F in only a fat point, we an prove the following:
Theorem 3.1. With notation as in the introdution, if length(Λ(b)∩D) = 1, then
D is a plane and the ongruene is given in as in Example 1.
Vie versa a family of lines onstruted in this way is a rst order ongruene.
Proof. Let us onsider the surfae ΣH of degree a assoiated to a general hyperplane
H ; it ontains the urve CH with some algebrai multipliity, say k.
If L ⊂ ΣH is a (general) line, and l ∈ L∨H a general plane, then l ∩ΣH = L ∪C,
where C is a urve of degree a − 1, with a point of multipliity k − 1 in L ∩ F .
C intersets L in only another point, i.e. the sole point in whih l is tangent to
the irreduible omponent SL of ΣH whih ontains L. We reall in fat that a
general tangent plane to a surfae S is tangent at only one point in S but in the
ase in whih S is a surfae of tangents to a urve or a one (see [Zak93℄), and SL
an be neither a surfae of tangents to a urve nor a one, by Corollary 1.4, and
Lemmas 1.5 and 1.6; therefore we have that a = k + 1.
I laim now that CH is a plane urve. Indeed, observe rst that any (bi)seant
line to CH through a general point in L meets ΣH in at least k + k + 1 points
ounting multipliities. Sine ΣH has degree a = k + 1 < 2k + 1, it follows that
suh a line is ontained in ΣH . If CH is not a plane urve, it follows that through
a general point of it there pass at least two lines of it (the line L and one of the
biseant lines mentioned above). But it is well known that a ruled surfae with
suh a property is neessary a quadri surfae, whih ontradits Lemma 1.6.
Therefore F is a degenerate surfae; atually, it must be a plane: in fat, if P
is a general point in 〈CH〉, then through it there passes only one line ℓP of the
ongruene, and its foal point ℓP ∩D is ontained in CH .
By Theorem 8 of [De 01℄, in whih we lassied all rst order ongruenes in P4
whose fundamental lous is set-theoretially linear, we nish the proof. 
3.2. The Case in whih length(Λ(b)∩ (F )red) = 2. Of these ongruenes we give
a omplete lassiation in the following
Theorem 3.2. If B is a rst order ongruene of lines given by a subfamily of
the seant lines to the redued lous D := (F )red of its pure fundamental lous F ,
then D is a non-degenerate ubi sroll in P4 and the ongruene is given as in
Example 2.
Vie versa a B onstruted in this way is a rst order ongruene suh that
length(Λ(b) ∩D) = 2.
Proof. Let us onsider the surfae ΣH of degree a assoiated to a general hyperplane
H ; it ontains the urve CH with some (algebrai) multipliity, say k
′
.
As in the proof of the preeding theorem, we x L ⊂ ΣH , and l ∈ L
∨
H . Then
l ∩ΣH = L∪C, where C is a urve of degree a− 1, with two points of multipliity
k′ − 1 in L ∩ F . As before, C intersets L in only another point, by Corollary 1.4,
and Lemmas 1.5 and 1.6 and a = 2k′.
In this ase, CH must be a twisted ubi: in fat, we reall that the twisted ubi
is the sole irreduible urve with only one apparent double point, and so if CH is
CONGRUENCES IN P
4
WITH NON-REDUCED FUNDAMENTAL SURFACE 9
not the twisted ubi, the seant lines to CH passing through a point P ∈ L whih
are distint from L are ontained in ΣH , by degree reasons, and so ΣH must be
a quadri, ontraditing Lemma 1.6. Therefore we have only a seant line to CH
through P , L, and CH an only be a twisted ubi and (F )red a rational normal
sroll of degree three in P4. We reall that the planes of the onis in the ubi
srolls over P4: therefore the lines of the ongruene ontained in one of these
planes an be a ongruene of order one and we are in the ase of the assertion
of the theorem, or it is a nite set. But the last ase annot our: in fat, every
seant line determines in a unique way a oni in the sroll, so we would have that
dim(B) = 2.
k′ = deg(φ|C0|,F ) := k sine k
′
is the degree of the one of the lines in B through
a general point in the sroll. So, by what we said above, k = k′ and a = 2k.
Vie versa, it is easy to see that a ongruene onstruted in suh a way, has
order one. 
Remark. We note that the ase of the one in the preeding theorem was not
onsidered by G. Marletta in [Mar09a℄.
Moreover, the only possible smooth surfae in Theorem 3.2 is the rational normal
ubi sroll in P4, so we have done ase (1b) of Theorem 0.1.
4. The Case of a Reduible and Non-redued Fundamental Surfae
Now we onsider the ase in whih F is reduible but not (generially) redued;
we have only one possibility: the general line Λ(b) intersets a omponent F1 of F
in a fat point of length two, and so F1 is non-redued, and the other omponent F2
(whih is redued) of F in a simple point.
We reall we have denoted CH,1 := (F1)red ∩ H and CH,2 := F2 ∩H , so CH =
CH,1 ∪ CH,2 and ki is the algebrai multipliity of CH,i in ΣH .
We start with
Lemma 4.1. Either D := (F1)red or F2 is a plane. Moreover, the lass of the
ongruene is a = k1 + k2.
Proof. As in the proof of the preeding two theorems, we x L ⊂ ΣH , and l ∈ L∨H .
Then l∩ΣH = L∪C, where C is a urve of degree a−1, with a point of multipliity
k1 − 1 and a point of multipliity k2 − 1 in L ∩ F . C intersets L in only another
point, by Corollary 1.4, and Lemmas 1.5 and 1.6, and a = k1 + k2. Reasoning as
before, through a general point in L there will not pass another joining line CH,1
and CH,2, and so these lines generate a rst order ongruene in H . Then, sine
all the rst order ongruenes of lines in P3 are lassied (see, for example, [De 04℄
Theorem 0.1), we have that one of these urves is a line. 
Proposition 4.2. Let B be a rst order ongruene with non-redued and reduible
fundamental lous F , whose non-redued omponent is F1 and the other is F2. Then
we have the following possibilities:
(1) D := (F1)red is a plane, and we have the following ases:
(a) F2 is a non-degenerate rational sroll of type (1, d) and D ∩ F2 is a
uniseant line in F2 and the ongruene is as in Example 3; or
(b) F2 is a non-degenerate rational surfae with setional genus zero (i.e.
either a rational sroll or the projeted Veronese surfae) and the on-
gruene is as in Example 4; or
(2) F2 is a plane, and D = (F1)red is a non-degenerate rational sroll of type
(1, c), D ∩ F2 is a uniseant urve in D of degree c and the ongruene is
as in Example 5.
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Proof. As we observed in the remark in Setion 2, if we have a linear omponent in
the pure fundamental lous, then the lines of B ontained in a general hyperplane
ontaining this omponent give a rst order ongruene in P3. So, if F2 is this plane,
the ongruene indued in an f2 ∈ F
∨
2 has a non-redued line as a fundamental
lous, given by F1 ∩ f2 (see for example Theorem 0.1, ase (1b) of [De 04℄), from
whih we obtain ase (2).
If instead D = (F1)red is a plane, then the ongruene indued in a d ∈ D∨ is a
ongruene with two fundamental urves, L and C, L is a line and if deg(C) = c,
then length(C ∩ L) = c− 1 (Theorem 0.1, ase (2) of [De 04℄). If L ⊂ F2, we have
ase (1a), while if L ⊂ (F1)red we have ase (1b).
The alulations of k1 and k2 are immediate one one remembers that these
numbers are the degrees of the ones of the lines of B passing through a general
point in, respetively, F1 and F2. The lass follows from Lemma 4.1. 
From this, we easily obtain Theorem 0.1, ase (2).
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